Abstract. It is proved that the rectilinear crossing number of every graph with bounded tree-width and bounded degree is linear in the number of vertices.
Introduction
A drawing of an undirected, finite, simple graph represents each vertex by a distinct point in the plane, and represents each edge by a simple closed curve between its endpoints, such that the only vertices an edge intersects are its own endpoints. A crossing is a point of intersection between two edges (other than a common endpoint). Without loss of generality, no three edges have a common crossing point. A drawing with no crossings is plane. The crossing number of a graph G, denoted by cr(G), is the minimum number of crossings in a drawing of G; see [9, 14, 19, 20] . The rectilinear crossing number of a graph G, denoted by cr(G), is the minimum number of crossings in a drawing of G in which every edge is straight; see [2, 11, 18] .
Obviously
for every graph G. A family of graphs has linear crossing number if cr(G) ∈ O(|E(G)|) for every graph G in the family 1 . Pach and Toth [15] proved that graphs of bounded genus and bounded degree have linear crossing number. The purpose of this note is to prove an analogous upper bound on the rectilinear crossing number for graphs with bounded tree-width and bounded degree. 1 If the crossing number of a graph is linear in the number of edges then it is also linear in the number of vertices. To see this, let G be a graph with n vertices and m edges. Suppose that cr(G) ≤ cm. If m < 4n then cr(G) ≤ 4cn and we are done. Otherwise
2 by the 'Crossing Lemma' [1, 10] . Thus m ≤ 8 √ cn and cr(G) ≤ 8c 3/2 n.
The same observation holds for rectilinear crossing number.
Tree-width can be defined as follows. (Many alternatives are available.) A graph is chordal if every induced cycle is a triangle. The tree-width of a graph G is the minimum integer k such that G is a subgraph of a chordal graph with no clique on k + 2 vertices. For example, a graph has tree-width 1 if and only if it is a forest. Graphs with tree-width 2 (called series-parallel ) are planar, and are characterised as those graphs with no K 4 -minor. Treewidth is particularly important in structural and algorithmic graph theory; see the surveys [3, 16] . Theorem 1. Graphs with bounded tree-width and bounded degree have linear rectilinear crossing number.
Since the genus of a graph equals the sum of the genera of its biconnected components, there are graphs with bounded tree-width and unbounded genus. Thus the above-mentioned result of Pach and Toth [15] does not imply Theorem 1, even for the (non-rectilinear) crossing number. Moreover, Bienstock and Dean [2] constructed graphs with crossing number 4 and unbounded rectilinear crossing number. On the other hand, Theorem 1 does not imply the result of Pach and Toth [15] since there are planar graphs (grids) with unbounded tree-width.
Note that bounded tree-width alone is not enough to guarantee linear crossing number. For example, K 3,n has tree-width 3 and Ω(n 2 ) crossing number [12, 17] . Similarly, bounded degree does not guarantee linear crossing number. For example, a random cubic graph on n vertices has Ω(n) bisection width [5, 6] , which implies that it has Ω(n 2 ) crossing number [8, 10] .
Proof of Theorem 1
The proof of Theorem 1 uses tree partitions; see [4, 7] for example. A tree-partition of a graph is a proper partition of its vertices into sets (called bags) such that identifying the vertices in each bag produces a forest (after deleting loops and replacing parallel edges by a single edge). The width of a tree-partition is the maximum number of vertices in a bag. The treepartition-width of a graph G is the minimum width of a tree partition of G.
Lemma 1. Let G be graph with m edges, maximum degree ∆, and treepartition-width p. Then G has a rectilinear drawing in which every edge crosses at most 2∆(p − 1) other edges. Hence cr(G) ≤ ∆(p − 1)m.
Proof. Let F be the forest that it is obtained by identifying the vertices in each bag of a tree-partition of G with width p (after deleting loops and replacing parallel edges by a single edge). Let B x be the set of vertices of G in the bag that corresponds to each vertex x of F .
Consider a plane drawing of F in which every edge is straight. Let ǫ > 0. Let D ǫ (x) be the disc of radius ǫ centred at each vertex x of F . For each edge xy of F , let D ǫ (xy) be the union of all line-segments with one endpoint in D ǫ (x) and one endpoint in D ǫ (y). For some ǫ > 0, we have D ǫ (x)∩D ǫ (y) = ∅ for all distinct vertices x and y of F , and D ǫ (xy) ∩ D ǫ (pq) = ∅ for all edges xy and pq of F that have no endpoint in common.
Position each vertex v ∈ B x inside D ǫ (x) so that the vertices of G are in general position (no three collinear). Draw every edge of G straight. Thus no edge passes through a vertex. If vw is an edge of G with v ∈ B x and w ∈ B y then vw is drawn inside D ǫ (xy). Thus, if two edges e 1 and e 2 of G cross, then an endpoint of e 1 and an endpoint of e 2 are in a common bag, and e 1 and e 2 have no endpoint in common. Thus each edge of G crosses at most 2∆(p − 1) other edges.
Ding and Oporowski [7] proved that every graph G with tree-width k and maximum degree ∆ ≥ 1 has tree-partition-width at most 24k∆. Corollary 1. Let G be graph with m edges, maximum degree ∆ ≥ 1, and tree-width k. Then G has a rectilinear drawing in which every edge crosses less than 48k∆ 2 other edges. Hence cr(G) < 24k∆ 2 m.
Note that Corollary 1 provides a stronger result than Theorem 1, with an explicit bound on the number of crossings per edge; see [13] for related results.
We conclude with an open problem: Does every graph with bounded degree and no K ℓ minor (ℓ fixed) have linear crossing number?
